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Introduction
Logarithmically convex (log-convex) functions are of interest in many areas of mathematics and science. They have been found to play an important role in the theory of special functions and mathematical statistics [10, 12] . In this paper we introduce the concept of log m-convex function as combination of the well known definitions of m-convex and log-convex functions, some examples are shown. At the same time, we exhibit basic algebraic properties of this new type of functions same as integral inequalities of Hermite-Hadamard type, we recall them [4, 11, 12] and references therein. Definition 1. ( [1, 2, 12] ) A function f : I → (0, +∞), I an interval, is said to be log-convex or multiplicatively convex if log f is convex, or, equivalently, if for all x, y ∈ I and t ∈ [0, 1] one has the inequality:
(1.1)
In [9, Theorem 2.6] it was proved that a subset D ⊆ X containing 0 is m-convex if and only if conv 0, x, m m+1 (x + y) − {0} ⊆ D for all x, y ∈ D, where conv denote the convex hull. From this result, is not hard to prove that if I is an interval, such that 0 ∈ I, then I is an m-convex set. So, it has sense de following Definition 3. ( [4, 7] ) A function f : I → R, I an interval and 0 ∈ I, is called m-convex, 0 ≤ m ≤ 1, if for any x, y ∈ I and t ∈ [0, 1] we have
Our definition, and key part of this work, runs as follow. 
If m = 1, we recapture the concept of log-convex function defined on I, given in Definition 1. Just as it is stated in Definition 1, some authors indifferently use the terms log-convex or multiplicatively convex to define the functions which verify (1.1). Nevertheless, in our context, we consider the multiplicative convexity as follows. 
Remark 6. It is not difficult to verify that the log m-convexity of f is equivalent to the m-convexity of log f .
Remark 7.
It is important to point out that (1.2) is equivalent to
with x, y and t as before.
From now on I always will be an interval containing zero unless other thing is stated.
The following properties of a log m-convex function f are a direct consequence of (1.2).
(
This fact, in turn, implies (by taking y = 0 in (1.2)) that f (tx) ≤ [ f (x)] t holds for any m ∈ [0, 1). This property is the equivalent to be starshaped of the m-convex functions ( [8] ). [6] ). This fact shows a difference between log m-convexity and the usual log-convexity, since log-convexity implies convexity ( [12] ), while the converse is not always true as this function indicates.
Basic Properties and Examples
It is well known that the sum of log-convex functions is also log-convex ( [12] ). However, the sum of log m-convex functions is not necessarily log m-convex, as the next example shows.
Proposition 9. If f : I → (0, +∞) is a log m-convex function, and 0 ≤ α ≤ 1, then α f is log m-convex function as well.
Proof. Let x, y ∈ I, and t, α ∈ [0, 1], and by the log m-convexity of f ,
On the other hand 0 ≤ α ≤ 1 and t + m(
Remark 10. If α > 1 in Proposition 9, the result is not true. Again, we consider the function f (x) = e x ; then for α > 1, (α f )(x) = αe x > e x and consequently (α f )(0) > 1, so α f can not be a log m-convex function by Remark 8.
Proposition 11. If f , g : I → (0, +∞) are two log m-convex functions, so is the product function f g.
Proof. Let x, y ∈ I, and t ∈ [0, 1]. Then, Proof. Let x, y ∈ I, and t ∈ [0, 1], then
Proposition 13. Let f : I → (0, +∞) be a function. Then
(1) If f is log m-convex, so is ( f ) α for all α > 0. (2) It is not difficult to show that if a real function g is m-convex, so is g − 1. In fact, for all x, y ∈ I and t ∈ [0, 1],
Thus, if for all α > 0, f α is m-convex, so is the function ( f ) 1/n − 1 for all n ∈ N. We have then the sequence {n[( f ) 1/n − 1]} of m-convex functions, which converges pointwise to the function log f ; and from [5, Proposition 2.2], log f is m-convex function.
By picking m = 1 in Proposition 13, we have the following.
Corollary 14. Let f : I → (0, +∞). Then, ( f ) α is convex for all α > 0 if and only if f is log-convex.
We close this section with a couple of discrete Jensen type inequalities for log m-convex functions.
Theorem 15. Let t 1 , . . . , t n > 0 and T n = n ∑ i=1 t i . If f : [0, +∞) → (0, +∞) is a log m-convex function, with m ∈ (0, 1],
, for all x 1 , . . . , x n ∈ [0, +∞).
Proof. Because the function log f : [0, +∞) → R is m-convex (Remark 6), it follows from [5, Theorem 3.1], that for all x 1 , . . . , x n ∈ [0, +∞),
It only remains to apply the exponential function.
Theorem 16. If f : I → (0, +∞) is a log m-convex function, then for all t 1 , . . . , t n ≥ 0 with n ∑ i=1 t i ∈ (0, 1] and all
where δ ij is the well-known Delta of Kronecker function.
Proof. For m = 1, the result follows by applying the classical discrete Jensen's inequality to the convex function log f . For m = 1, the proof goes by induction on n. So, if n = 1, we have f (t 1 x 1 ) ≤ [ f (x 1 )] t 1 which is true by Remark 8. Let us assume that the result holds for n. Now, let x 1 , . . . , x n+1 ∈ I, and t 1 , . . . , t n+1 ≥ 0 with n+1 ∑ i=1 t i ∈ (0, 1]. First of all, if t n+1 = 1, then t 1 , . . . , t n = 0 and hence,
We assume that t n+1 = 1, and we put
Because I is m-convex and n ∑ i=1 t i ∈ (0, 1], it follows, from [9, Lemma 3.3], that
Thus, by log m-convexity of f , and in accordance with Remark 7, we have
Therefore, by inductive hypothesis,
Integral Inequalities
Proposition 19. For f : [0, +∞) → (0, +∞) being a log m-convex function with a, b ∈ I, 0 < a < b, the following inequality holds = (x − a) 2 f a m
